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INFLUENCE OF THE AIRCRAFT SHAPE ON THE WAVE PATTERN 

by A. Busemann (Universi ty  of Colorado) 

I. In t roduct ion .  The s o n i c  boom (or bang) as a s i d e  e f f e c t  

of f l i g h t  wi th  supersonic  speed w a s  observed by s u r p r i s e  and w a s  

f i n a l l y  a t t r i b u t e d  t o  t h e  simple s t r a i g h t  f l i g h t  i t s e l f  only a f t e r  

a l l  o ther  more p l a u s i b l e  explana t ions  could not  be supported any 

longer. 

f a c t  t h a t  t h e  supersonic  a i r c r a f t  has  indeed a s u r p r i s i n g l y  low 
a t t enua t ion  of i t s  p res su re  f i e l d  wi th  d is tance .  

a t t enua t ion  p ropor t iona l  t o  t h e  minus second power of t he  d i s t ance  i n  

subsonic  f l i g h t ,  i t  w a s  hard t o  accept  t h a t  a t  supersonic  f l i g h t  

only a minus one h a l f  power of t he  lateral d i s t a n c e  remains. 

i n  a s t r a t i f i e d  atmosphere wi th  d e n s i t y  changes fol lowing an 

exponent ia l  l a w  of t h e  a l t i t u d e ,  another  i n f luence  has  t o  be considered 

The l e s son  t o  be  learned  from t h i s  s t r a n g e  h i s t o r y  is t h e  

Being used t o  an 

Furthermore 

by the  f a c t ,  t h a t  t h e  d is turbance  v e l o c i t i e s  c rea t ed  a t  high a l t i t u d e s  

diminish on t h e  way toward t h e  ground, whereas t h e  accompanying 

p res su res  have t o  do the  oppos i te ,  each tak ing  h a l f  of t he  burden t o  

adapt t h e  d is turbances  t o  the  changing elastic modulus of t he  denser  

a i r .  As long as t h e  o r i g i n a l  d i s t u r b a n c e , i s  due t o  i n v a r i a n t  v e l o c i t i e s ,  -- 
i . e . ,  by p u l l i n g  t h e  a i r c r a f t  fu se l age  through t h e  surrounding air- 
t h e  g r e a t  advantage t o  move i n  lower d e n s i t y  a t  high a l t i t u d e s  is  

only h a l f  l o s t  by the  inc reas ing  pressures  on t h e  v e r t i c a l  descent  

t o  the  e a r t h  su r face .  If, however, t h e  heavier- than-air  c r a f t  has  

t o  c r e a t e  l i f t  wi th  i t s  wings, t h e  weight d i s t r i b u t e d  over the  wing 

a rea  r ep resen t s  an i n v a r i a n t  p re s su re  r ega rd le s s  of a l t i t u d e .  Now 

t he  a c o u s t i c a l  p re s su re  increase wi th  h a l f  t h e  r a t i o  of t he  d e n s i t y  

inc rease  is a powerful r iva l  t o  t h e  meager p re s su re  r e l i e f  with 

d i s t ance  from t h e  a i rp l ane .  The minus one h a l f  power of t he  d i s t ance  
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i s  s t r o n g e s t  very e a r l y  and diminishes  f a s t  w i th  d i s t a n c e ,  while  t h e  

exponent ia l  l a w  s t a y s  cons t an t .  

the  scale he igh t  of t h e  atmosphere of about 28,000 f e e t  any a d d i t i o n a l  

climbing t o  a h ighe r  a l t i t u d e  is n o t  only reaching a l a r g e r  area of 

l i s t e n e r s  on t h e  ground bu t  does n o t  reduce t h e  p re s su re  f o o t p r i n t  

f o r  t h e  people d i r e c t l y  underneath t h e  f l i g h t  pa th  i n  t h e  a i r .  Only 

the h e l p  of n a t u r e  t o  d i s t o r t  t h e  f o o t p r i n t  (by a f a s t e r  propagation 

of t h e  higher  p re s su res  and a slower propagation of t h e  lower p re s su res  

wi th in  t h e  d i s tu rbance )  spreads t h e  f o o t p r i n t  over a l a r g e r  d i s t a n c e  

with reduced p res su re  d i f f e r e n c e s  under t h e  a c t i o n  of shock waves. 

This r e l i e f  by shock waves is n o t  l i m i t e d  t o  an optimal a l t i t u d e  and 

is the  only advantage l e f t  a f t e r  climbing above 28,000 f e e t .  But 

when shocks themselves are regarded as undes i r ab le  a c o u s t i c a l  phenomena 

f o r  our  ears by e x c i t i n g  the  slumbering high frequencies  which serve 

commonly as danger s i g n a l s ,  t h e  h e l p  of n a t u r e  i s  r e j e c t e d  and t h e  

aforementioned reasons t o  reduce t h e  a l t i t u d e  g e t  even more support  

as a means t o  avoid l a r g e  d i s t o r t i o n s  of t h e  f o o t p r i n t ,  t h e  causes 

for shockwaves. 

Thus i n  a f i n i t e  d i s t a n c e  equal  t o  

11. Methods of Flow Representation. The methods t o  s tudy t h e  

f a r  f i e l d  p re s su res  wi th  r e spec t  t o  s o n i c  booms are supported by t h e  

f a c t  t h a t  t he re  e x i s t s  a l r e a d y  a very low relative p res su re  of t h e  

o rde r  of one thousandth of t h e  atmosphere s e t t i n g  t h e  b o r d e r l i n e  

between permissible  and n o t  pe rmis s ib l e  dis turbances.  Up t o  such a 

l i m i t  t h e  l i n e a r i z e d  flow r e p r e s e n t a t i o n  goes a long way t o  f u r n i s h  

the  far  f i e l d  p re s su res  with a s a t i s f a c t o r y  accuracy. The a c t u a l  body 

shapes r e spons ib l e  f o r  t h e  f a r  f i e l d  p a t t e r n  may r e q u i r e  a h ighe r  

order  c o r r e c t i o n  e s p e c i a l l y  f o r  a x i a l l y  symmetric c ross  s e c t i o n s  

because of t he  much s t r o n g e r  d i s tu rbances  i n  t h e  near f i e l d .  Such 

co r rec t ions  necessary f o r  t h e  a c t u a l  design of t h e  a i rcraf t  may, 

however, be  disregarded i n  t h e  game t o  reduce t h e  s o n i c  boom as 

long as a l l  s i g n i f i c a n t  c o n s t r a i n t s ,  i . e B ,  t o  use an a i r p l a n e  of 
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given l eng th  and of a given average c r o s s  s e c t i o n  d i s t r i b u t i o n  of 

p o s i t i v e  d e f i n i t e  s i z e  over  t h i s  l eng th ,  are m e t .  

The i n t e g r a t i o n  of a s impl i f i ed  d i f f e r e n t i a l  equat ion very f a r  

out has ,  of course,  i ts  own dangers; b u t  t h e  only s i g n i f i c a n t  negl igence,  

which would disappear  i n  r e s t r i c t e d  p res su re  amplitudes,  is t h e  f a c t  

t h a t  t h e  wave speed of p o s i t i v e  dis turbance p res su res  i s  s l i g h t l y  

h ighe r ,  of negat ive d i s tu rbance  p res su res  s l i g h t l y  lower than the  

speed of sound f o r  i n f i n i t e s i m a l  dis turbances.  The e f f e c t s  of t h i s  

self-propuls ion of, any given l i n e a r i z e d  f o o t p r i n t  can be  handled 

s e p a r a t e l y  simply by reading t h e  f i n a l  r e s u l t s  w i t h  a s l a n t e d  o r d i n a t e  

a x i s ,  which advances every pressure toward t h e  f r o n t  of t h e  wave 

p ropor t iona l  t o  i t s  dev ia t ion  from t h e  s t a t i c  pressure.  As i s  

v i s i b l e  i n  water waves a t  the  beaches and used by s u r f  board r i d e r s  

f o r  p l easu re ,  t oo  much advance of t h e  h ighe r  wave por t ions  l e a d s  t o  

overhanging c l i f f s  and r e q u i r e s  an adjustment by a s t e e p  f r o n t  a t  

t h a t  p o s i t i o n ,  where t h e  overhang and t h e  undercut areas equa l i ze .  

This simple g raph ica l  equalization--well  known from t h e  van de r  Waals 

two phase formation i n  l i q u i f y i n g  vapors--is t h e  only r e p a i r  r equ i r ed  

on t h e  l i n e a r i z e d  f o o t p r i n t  t o  produce t h e  t r u e  wave p a t t e r n  f o r  t h e  

observer on the  ground. 

doubles a l l  dis turbance p res su res  without  t i m e  de l ay ,  while  a r e f l e c t e d  

wave with some delay would be  aud ib le  a t  h ighe r  e l e v a t i o n  i s  another 

element t o  consider  f o r  i n t e r p r e t i n g  t h e  f a r  f i e l d  p re s su re  d i s tu rbance  

c o r r e c t l y  . 

That t h e  r e f l e c t i o n  on a s o l i d  ground 

111. Sources and Sinks i n  Three-Dimensional Space. To desc r ibe  

the flow f i e l d  around moving bodies i n  t h r e e  dimensions, t h e  method 

of  d i s t r i b u t i n g  sources  and s i n k s  i n s i d e  t h e  body whi l e  a r t i f i c i a l l y  

extending t h e  flow t o  f i l l  t h e  complete i n t e r i o r  i s  used s u c c e s s f u l l y  

from t h e  t i m e  of t h e  airship's f l y i n g  i n  incompress ib l e ' f l u id  and is  

s t i l l  t h e  most common approach a t  a l l  speeds. While f o r  incompressible 

flow, where supe rpos i t i on  is  abso lu te ly  c o r r e c t ,  t h e  source and s i n k  

method is  u n i v e r s a l l y  v a l i d ,  a t  compressible flow i t  has t o  be 

r e s t r i c t e d  t o  s l e n d e r  bodies.  Such r e s t r i c t i o n  i s  i r r e l e v a n t  as long 
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a s  t h e  a i r c r a f t  of minimum drag (and not  a r e e n t e r i n g  spacec ra f t )  

is  foremost t h e  ob jec t  of our  i nves t iga t ions .  

The two b a s i c  l a w s  of f l u i d  motion pas t  s t reamlined bodies 

are vanishing divergence and vanishing c u r l  appl ied  both t o  t h e  

v e l o c i t y  f i e l d  f o r  incompressible flow. I n  two dimensians both these  

l a w s  have an equal  amount of information and t h e i r  f i r s t  i n t e g r a l s ,  

the  stream funct ion  or t h e  flow p o t e n t i a l  are on t h e  same l e v e l ,  as 
t h e i r  complex combination i n  conformal mapping r evea l s .  

condi t ions t h e  s t reaml ines  are very o f t e n  super ior .  In t h ree  ' 

dimensions t h e  vanishing c u r l  rates twice as h igh  as the  vanishing 

divergence and t h e  flow p o t e n t i a l  as i ts  f i r s t  i n t e g r a l  has  no 

comparable a l t e r n a t e ;  thus i t  is t h e  v e l o c i t y  p o t e n t i a l  which always 

se rves  as t he  f i r s t  s t e p  toward any d e s i r e d  s o l u t i o n .  Working wi th  

sources  and s i n k s  as t h e  prefer red  s i n g u l a r i t i e s  i n s t e a d  of v o r t i c e s ,  

p u t s ,  however, more emphasis on the  f l u x  d e n s i t y  of the  flow which, 

For boundary 

at least i n  s teady  flow, has  vanishing divergence ou t s ide  t h e  body. 
To be a b l e  t o  work wi th  t h e  most appropr ia te  t o o l s  i n  three-  

dimensional flow, w e  have t o  learn t o  "speak" i n  v e l o c i t y  p o t e n t i a l s  

and t o  "think" i n  flow d e n s i t i e s  at t h e  same t i m e .  Such language is  

developed fo r  many vec to r  f i e l d s  with concre te  po in t  s i n g u l a r i t i e s .  

The most common and t h e  earliest i n  history is perhaps t h e  g r a v i t y  

f i e l d  around a s i n g l e  po in t  mass. 
propor t iona l  t o  t h e  inve r se  d i s t a n c e  

a t t r a c t i n g  mass G. 

u n i t  mass en te r ing  t h e  f i e l d  i s  given by: 

Here t h e  g r a v i t y  p o t e n t i a l  i s  found 

l / r  from t h e  center  of t h e  

The proper va lue  of t h e  p o t e n t i a l  energy f o r  any 

G 
4n r 

= -- 
I 

The a c t u a l  f o r c e  f f e l t  on t h e  u n i t  mass is t h e  (negative!) i nc rease  

of t h e  p o t e n t i a l  energy under r a d i a l  motion: 

.. a: . 
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Working w i t h  p o t e n t i a l s  b u t  thinking i n  f l u x e s  i s  ind ica t ed  by the 

f l u x  d e n s i t y  f ,  when G i s  considered as t h e  t o t a l  f l u x  which must 

be e q u a l l y  spread over a l l  concen t r i c  spheres ,  each having t h e  

s u r f a c e  47rr . The mass -G i s  i n  t h i s  case a s i n k  f o r  t h e  inwardly 2 

d i r e c t e d  f l u x  d e n s i t i e s  f .  The r e s u l t s  f o r  a g r a v i t y  f i e l d  being a 

f o r c e  f i e l d  of nothing b u t  a t t r a c t i n g  p o s i t i v e  masses w i l l  change 

some s i g n ,  when being adapted t o  r e p e l l i n g  e lec t r ic  charges of equal  

s i g n  o r  a t t r a c t i n g  charges of opposi te  s ign .  Furthermore, t h e  

v e l o c i t y  p o t e n t i a l  which has no s i g n i f i c a n c e  i n  t h e  form of p o t e n t i a l  

energy, f u r n i s h e s  by convention the  f i e l d  v e c t o r  by taking i ts  

p o s i t i v e  g rad ien t  ( i n s t e a d  of t h e  nega t ive  as i n  equat ion ( 2 ) ) .  It 

is ,  t h e r e f o r e ,  t h e  form no t  t h e  s i g n s  of equat ions (1) and (2)  

which sets t h e  p a t t e r n .  A s t i l l  more d i s t u r b i n g  f a c t  i n  compressible 

flow i s  t h e  d i f f e r e n c e  between the  v e l o c i t y  v e c t o r  U and t h e  f l u x  

d e n s i t y  vec to r  f = +U. Both are equa l  i n  d i r e c t i o n ;  b u t  our 

experience i n  t h e  d d a v a l  nozzle  i n d i c a t e s  t h a t  they are only 

p ropor t iona l  a t  very low speeds. When near ing t h e  v e l o c i t y  of 

sound, t h e  f l u x  d e n s i t y  reaches i t s  maximum va lue  a t  t h e  speed of 

sound, wh i l e  i t  sh r inks  back t o  t h e  lower va lues  a t  supersonic  

speeds i n  s p i t e  of t h e  s t eady  i n c r e a s e  of t h e  v e l o c i t y  toward t h e  

f i n i t e  maximum v e l o c i t y  f o r  which t h e  nozzle  is  designed. 

The l a w  of supe rpos i t i on  on a p a r a l l e l  flow i s  only v a l i d  

without adap ta t ion  i n  incompressible flow. Compressible flow allows 

f o r  small d i s tu rbances  t o  be  superimposed and r e q u i r e s  a s l i g h t  

adap ta t ion  t o  t h e  Mach number of t he  given p a r a l l e l  flow. L e t  U 
be the v e l o c i t y  of t h e  main p a r a l l e l  flow wi th  a, t h e  v e l o c i t y  of 

sound and pa 

The coordinate  system x ,y , z  may be chosen t o  coincide on i t s  

o r i g i n  with the  po in t  source of t h e  f l u x  i n t e n s i t y  S and wi th  t h e  

x ax i s  p a r a l l e l  t o  t h e  undisturbed flow. While t h e  i so t ropy  of t h e  

source flow i n  a l l  d i r e c t i o n s  may be l o s t  a t  l a r g e r  Mach numbers, 

the a x i a l  symmetry wi th  r e s p e c t  t o  t h e  x axis  should be  preserved. 

t h e  s t a t i c  p re s su re  f a r  away from any dis turbance.  
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Such d i s t o r t i o n  of t h e  p o t e n t i a l  spheres  t o  e l l i p s o i d e s  of constant  

p o t e n t i a l  is  suggested by the  form of t h e  l i n e a r i z e d  d i f f e r e n t i a l  

equation f o r  t h e  superimposed p o t e n t i a l '  

But the  new p o t e n t i a l  should a l s o  be normalized by a s p e c i a l  power 

of (1 - M ) as a f a c t o r  t o  i n d i c a t e  always t h e  same mass f l u x  S 

independent of t h e  Mach number of t h e  flow. The normalized equat ion 

is  giveh by 

2 

The dis turbance v e l o c i t i e s  u,v,w superimposed on the main f l o w  U 

are t h e  p a r t i a l  d e r i v a t i v e s  of w i t h  r e s p e c t  t o  x ,y , z .  But t h e  

dis turbance f l u x  d e n s i t i e s  

main f l u x  dens i ty  F = t i m e s  t h e  d i s tu rbance  v e l o c i t i e s  

only i n  t h e  new d i r e c t i o n s  f and f Z q  I n  t h e  main d i r e c t i o n  t h e  
2 example of t h e  de l ava l  nozzle  i n d i c a t e s  a necessary f a c t o r  (1 - 1' ) 

t i n e s  t o  t ake  c a r e  of t he  change i n  dens i ry  by a change i n  the  

length of the t o t a l  v e l o c i t y  vec to r  U 4- u t o  F + fx. The corxe-.. 

sponding equat ions f o r  t h e  superimposed 5 h x  dens i t i e s .  are ,  t he re fo re :  

f and f z  superimposed on t h e  
fx9 y% 

Y 

The acrual  d i f f e r e n t i a t i o n s ,  i f  c a r r i e d  out on t h e  source p o t e n t i a l  of 

equa'zion ( 4 )  f u r n i s h  t h e  following components: 
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-- 

e 

The source flow c h a r a c t e r  is immediately v i s i b l e  by t h e  r a d i a l  f l u x  

d i r e c t i o n s  away f rom t h e  source p o i n t  and t h e  i n t e n s i t i e s  i n d i c a t e  

a t  subsonic speeds a reduced flow by (1 - M ) along the x a x i s  

compensated by i n c r e a s e s  with along t h e  y and t h e  z axes. 

The t o t a l  source s t r e n g t h  is found t o  be i n v a r i a n t ,  though degenerating 

toward a complete la teral  d i scha rge  f o r  t h e  Mach number one. 

2 

I V .  Supersonic Source Behavior i n  Three Dimensions. The f a c t o r s  
2 ( 1  - M ) i n  t h e  equat ions ( 4 )  and (6) f o r  t h e  t h r e e  dimensional 

source flow appear v e r y  harmless wh i l e  they render t h e  source s t r e n g t h  

i n v a r i a n t  f o r  any subsonic  Mach number. There is  no complete change 

t o  imaginary va lues  a t  supersonic  speeds except f o r  t h e  "neutral"  

region o u t s i d e  t h e  Mach cones, where t h e r e  should b e  no discharge of 

a supersonic  source i n  t h e  f i r s t  place.  To c a r r y  over t he  symmetry 

with r e spec t  t o  - $. x d i r e c t i o n  from subsonic flow i s  a p o s s i b l e  b u t  

not  a l o g i c a l  choice,  s i n c e  t h e  only enforceable  discharge of any 

supersonic  sou rce  i s  w i t h i n  t h e  a f t  cone, no t  t h e  forward cone, 

n e i t h e r  h a l f  of t h e  source i n t e n s i t y  i n  each of them. 

' 

A small 

improvement, by human dec i s ion  no t  by a n a l y t i c a l  con t inua t ion ,  is 

t o  res t r ic t  t h e  discharge t o  x 0 whi l e  doubling the discharge 

rate and by using real p a r t s  of t h e  complex p o t e n t i a l s  only. Such 

revised source s t r e n g t h  d i s t r i b u t e d  over any chosen region with rhe 

coordinates  , 7 , and 

following i n t e g r a l  equat ion f o r  t h e  r e s u l t i n g  v e l o c i t y  p o t e n t i a l :  

i n s i d e  t h e  body w a l l s  f u r n i s h e s  the  



The change t o  the  lower case s(  9 ~ , f )  from S i n d i c a t e s  t h e  r e s t r i c t i o n  

t o  smaller d i s t r i b u t e d  sources  i n  order  t o  s a t i s f y  the  small d i s turbance  

requirement. This  p o t e n t i a l  proposed by von Karman i n  t h e  t h i r t i e s  

satisfies t h e  l i n e a r i z e d  d i f f e r e n t i a l  equat ion,  is adapted t o  t h e  

l o g i c a l  dependence reg ions  of s u p e r i o r ,  i n f e r i o r  and n e u t r a l  with 
respec t  t o  t h e  Mach cones and is  readjus ted  t o  t h e  given downstream 

source i n t e n s i t y .  

any s i n g l e  source do not  seem alarming. 

i n t e n s i t i e s  are s tud ied ,  t h e  f a c t  t h a t  a l l  sources  have changed t o  

a negat ive  f l u x  d e n s i t y  i n s i d e  t h e  Mach cone, d i r e c t e d  toward t h e  

source p o i n t s ,  and have a not  i n t e g r a b l e  t o t a l  f l u x  of i nc reas ing  

In t h i s  gene ra l  form, t h e  v e l o c i t i e s  der ived  from 

I f , .  however, t h e  f l u x  

negat ive va lue  when approaching the  cone walls, w i l l  be of a ve , ry .  

alarming nature .  

The only r eas su r ing  f e a t u r e  can be found i n  t h e  f a c t ,  t h a t  an 
a r r a y  of equal  sources  spread out along the  z a x i s  f r o m . i n f i n i t y  t o  

i n f i n i t y  has  t o  s imula te  the  two dimensional source i n  t h e  x and y 

plane. 

i t  sprays ha l f  its i n t e n s i t y  along t h e  upper s i d e  of t h e  Mach wedge 

and t h e  o the r  h a l f  a long the  lower s i d e ,  l eav ing  t h e  i n s i d e  of t h e  

Such a supersonic  source has a l ready  a very pecu l i a r  behavior:  

downstream Mach wedge completely undisturbed. Anybody who tries t o  

achieve t h i s  r e s u l t  wi th  an a r r a y  of shower nozzles  with an a x i a l l y  

symmetric spray w i l l  be happy t o  l e a r n  t h e  ru les  of t h i s  game by 

i m i t a t i n g  the  von Karman source i n  equat ion  (7),  

source touches t h e  wedge only along one gene ra t r ix ,  where no o t h e r  

source can reach. 

equal  t o  h a l f  t h e  source  s t r e n g t h ,  t o  f u l f i l l  t h e  l o c a l  requirement 

now o r  never.  

source s t r e n g t h  along t h e  t o t a l  ou te r  Mach cone is i n f i n i t e l y  too high.  

The compensation can be sucked back only i n  a s p e c i a l  manner of 
negat ive f l u x  i n s i d e  t h e  Mach cone exac t ly  as t h e  f i n i t e  i n t e n s i t i e s  

i n d i c a t e  i n  equat ion  (7) .  

is e a s i l y  e s t a b l i s h e d  as soon as the  s t r ange  behavior of the  two 

dimensional source is recognized. 

F i r s t l y ,  t h e  s i n g l e  

The t o t a l  i n t e n s i t y  a t  t h i s  g e n e r a t r i x  must be 

Having an a x i a l l y  symmetric cha rac t e r ,  t h e  p o s i t i v e  

Thus t h e  c r e d i t a b i l i t y  of t h e  equat ion (7)  

When superpos i t ion ing  is  equiva len t  
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with averaging, a h igh ly  extreme, bu t  p o s i t i v e  only,  d i s t r i b u t i o n  can 

only be the  average of a n  even more extreme d i s t r i b u t i o n  of p o s i t i v e  

and nega t ive  con t r ibu t ions .  

When the  s p o t l i g h t  i s  put on t h e  s t r a n g e  behavior of t h r e e  

dimensional sources:  t o  spray too much along t h e  Mach cone and t o  

suck i t  a l l  back except f o r  t h e - l i t t l e  p o s i t i v e  f l u x  ind ica t ed  by the 

source s t r e n g t h ,  t h e  h i s t o r i c a l  f a c t ,  t h a t  t h e  s o n i c  boom had much 

more i n t e n s i t y  than  anybody had expected, w i l l  appear more j u s t i f i e d .  

O f  course,  t h e  two dimensional f l i g h t  would g ive  no re l ief  with 

d i s t a n c e  i n  the  l i n e a r i z e d  approach; bu t  t h e  a t t e n u a t i o n  with t h e  

nega t ive  one h a l f  power of t h e  d i s t a n c e  i n  t h r e e  dimensions means 

less than the  two dimensional f l u x  along a cone s u r f a c e .  Such 

a t t e n u a t i o n  r e s u l t s  from the  f a c t ,  t h a t  a source i n t e n s i t y  spread 

over a f i n i t e  l eng th  i n  f l i g h t  d i r e c t i o n  w i l l  quickly a l l e v i a t e  f o r  

t he  near  f i e l d .  I n  t h e  f a r  f i e l d  t h e  r e l a t i v e  s i z e  of t h e  source 

spread compared t o  the  d i s t a n c e  reduces with d i s t a n c e  and t h i s  causes 

the  a t t e n u a t i o n  with less than t h e  minus f i r s t  power of t he  d i s t ance .  

V.  The Re la t ion  Between t h e  Body Shape and t h e  Far F ie ld  - 

Pressure.  The a c t u a l  f a r  f i e l d  p re s su re  and t h e  body shape can be 

r e l a t e d  by the equat ion (7)  when t h e  source d i s t r i b u t i o n  r e s u l t s  from 

the  body c ross  s e c t i o n  A ( ? )  along t h e  axis of t h e  body. This 

r e l a t i o n ,  though t h e  i n v e r s e  of a given source d i s t r i b u t i o n ,  i s  a l s o  

a f f ec t ed  by the  odd behavior of t he  t h r e e  dimensional sou rces ,  t o  

overspray t h e i r  i n t e n s i t y  and t o  suck t h e  su rp lus  back. For very 

t h i n  bodies  t h e  t a s k  t o  f i l l  t h e  i n s i d e  with a simulated p a r a l l e l  

UA( 7 ) becomes s o  predominant t h a t  the necessary sou:-ce 

s t r e n g t h  s ( 7 )  along t h e  a x i s  i s  s u f f i c i e n t l y  represented by 
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I f  t h i s  r a t h e r  simple r e l a t i o n  i s  used i n  equat ion ( 7 )  f o r  a x i a l l y  

symmetric bodies as a s t a r t i n g  p o i n t ,  t h e  p o t e n t i a l  reduces t o  a 

s i n g l e  i n t e g r a l  along t h e  a x i s  as follows: 

Such expression is much too  discontinuous along t h e  Mach cone as t o  

allow t h e  necessary p a r t i a l  d i f f e r e n t i a t i o n s  wi th  r e s p e c t  t o  x, y p  

and z f o r  t h e  v e l o c i t y  components. To achieve reasonable p re s su res  

i t  is  e s s e n t i a l  t o  impress on t h e  designing engineer  t h e  i d e a  t o  make 

h i s  t a s k ,  t h e  choice of A( ), smoother and smoother. H e  should watch 

the ex i s t ence  and l i m i t a t i o n s  of h ighe r  d e r i v a t i v e s  i f  s o  d e s i r e d ,  

Such demand i s  expressed by t h e  process of i n t e g r a t i n g  t h e  k e r n e l  

func t ion  by p a r t s  w i th  r e spec t  t o  and t o  d i f f e r e n t i a t e  corre- 

spondingly the  area d i s t r i b u t i o n .  Two such s t e p s  may show t h e  idea :  

and 
x 

The p res su re  d i s tu rbance  i s  i n  f i r s t  approximation depending on 

any v e l o c i t y  component p a r a l l e l  t o  t h e  main flow 

dis turbance may be  compared t o  the  s t a t i c  p res su re  of t he  

undisturbed flow which i s  f o r  p e r f e c t  gases a l s o  depending upon t h e  

densi ty  the v e l o c i t y  of sound I and t h e  r a t i o  of t he  

s p e c i f i c  h e a t s  c and c with 

U. Such p res su re  

P V 
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The r e l a t i v e  p re s su re  dis turbance is now given by (9b) d i f f e r e n t i a t e d  

with r e s p e c t  t o  x (o r  by (9a) d i f f e r e n t i a t e d  one more t i m e  on A ,  

which i s  von Karman’s t r i c k  t o  g e t  t h e r e  f a s t ) :  

For f i nd ing  t h e  p r e s s u r e  of t h e  son ic  boom, t h e  inve r se  cosh func t ion  

is  only used f o r  very small d i s t a n c e s  ’f i n  t h e  d i r e c t i o n  and 

very l a r g e  d i s t ances  h i n  y o r  z ;  b u t  t h e  d i s t a n c e  x, t o  hear  

t he  p r e s s u r e  has  t o  be l a r g e  enough t o  be i n s i d e  t h e  Mach cone which 

s tar ts  a t  t he  t i p  of t h e  a i r c r a f t .  The proper scale of t he  no i se  

l o c a t i o n s  would be b e t t e r  served when t h e  d i s t a n c e  X beyond t h e  

Mach cone from the  t i p  on t h e  ground i s  used with X = x - h. 

The inve r se  s i n h  i s  f o r  s m a l l  va lues  equa l  t o  t h e  argument, while  

t h e  r e l a t i o n  holds:  s i n h  = cosh - 1. The cosh-’ c a n  thus be  

converted f o r  small  dev ia t ions  of i t s  argument from 1 i n t o  an 

a l g e b r a i c  equivalent :  

x 

2 2 

Equation 1 3  shows e x p l i c i t l y  t h e  a t t e n u a t i o n  of t he  f a r  f i e l d  

pressure with t h e  i n v e r s e  h a l f  power of t he  d i s t a n c e  h ,  while t h e  

o the r  expressions i n d i c a t e  an otherwise frozen p res su re  f o o t p r i n t  as 

soon as the  cross  s e c t i o n  d i s t r i b u t i o n  A ( f )  i s  assumed. 
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V I .  The In f luence  of a S t r a t i f i e d  Atmosphere. The l i n e a r  

d i f f e r e n t i a l  equat ion (3) expects  a homogeneous atmcisphere and r e s u l t s  

as such i n  equat ion (13) f o r  a la teral  observer a t  a d i s t a n c e  h. 

Actual ly  t h e  f l i g h t  t akes  p l ace  i n  ver t ical  d i r e c t i o n  and t h e  s t r a t i f i e d  

atmosphere i s  a major f a c t o r  when a s ses s ing  t h e  i n t e n s i t y  of t he  

c r e a t e d  boom. The adap ta t ion  of t h e  former r e s u l t  t o  t h e  dens i ty  

changes a t  almost constant  temperature is  no t  d i f f i c u l t  t o  i n d i c a t e .  

The a c o u s t i c a l  response o r  t h e  impedance of t h e  s t r a t i f i e d  atmosphere 

can be  i n v e s t i g a t e d  by assuming f i n i t e  changes i n  successive l a y e r s .  

Their  d i s c o n t i n u i t i e s  are a b l e  t o  r e f l e c t  a p a r t  of t h e  incoming 

s i g n a l  and t o  l e t  ano the r  p a r t  of t h e  s i g n a l  go on. 

r e f l e c t s  p a r t i a l l y  w i t h  reversed p res su res ,  a ha rde r  medium with 

p re s su res  of t h e  same s i g n .  

wave i n s i d e  the  new l a y e r  i s  t h e  sum of t h e  incoming and the  r e f l e c t e d  

pressures .  The adap ta t ion  of t he  s u r f a c e  v e l o c i t i e s  can be achieved 

by the  f a c t ,  t h a t  t h e  r e f l e c t e d  wave, going i n  t h e  opposi te  d i r e c t i o n ,  

has t h e  r eve r se  r e l a t i o n s  between t h e  p re s su res  and t h e  v e l o c i t i e s  

compared t o  both t h e  incoming and t h e  continuing waves. 

A s o f t e r  medium 

The r e s u l t i n g  change of t h e  continuing 

The extreme 

va lues  of i n f i n i t e l y  hard o r  s o f t  reveal t h e  a r i t h m e t i c  progress of 

double o r  nothing i n  e i t h e r  p re s su re  o r  v e l o c i t y ,  b u t  t h e  small l o c a l  

changes r e s u l t  i n  a geometric progress  r e l a t i o n ,  h a l f  t he  impedance 

change charged t o  t h e  p re s su re  inc rease  and h a l f  t o  t h e  v e l o c i t y  

decrease i n  a l oga r i thmic  s c a l e .  A l l  continuous changes can b e  handled 

i n  t h i s  manner, discont inuous changes g ive  f i n i t e  i n t e n s i t i e s  of t he  

r e f l e c t i o n s  and would b e  more d e s i r a b l e  t o  a t t e n u a t e  t h e  continuing 

wave. 

a l s o  be c rea t ed  and may follow a s h o r t  s i g n a l  a f t e r  a while  or may 

modify a longer s i g n a l  under i ts  own r e r e f l e c t i o n s .  The exponent ia l ly  

The only o t h e r  quest ion is  about any r e r e f l e c t i o n s  which w i l l  

s t r a t i f i e d  atmosphere wi th  a l a r g e  scale he igh t  can be r e l e a s e d  from 

t h i s  r e r e f l e c t i o n  t r o u b l e  s i n c e  they are e i t h e r  t oo  s m a l l  o r  too l a t e  

t o  modify the o r i g i n a l  s i g n a l .  

of t h e  o r i g i n a l  s i g n a l  according t o  t h e  square r o o t  of t h e  p re s su re  

changes i n  the atmosphere, equat ion (13) can be co r rec t ed  f o r  both the  

According t o  t h e  remaining adaptat ion 
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gradual  change of t h e  s t a t i c  p res su re  i n  t h e  atmosphere with 

a t  t h e  a l t i t u d e  h and P a t  t h e  s u r f a c e  of t h e  e a r t h  with 
pa 

Taking also i n t o  account t h e  doubling of t h e  wave p res su re  on t h e  

s o l i d  s u r f a c e  of t h e  e a r t h  w i t h  AP = 2 p, t h e  e f f e c t i v e  inf luence 

of t h e  two e f f e c t s  i s  a f a c t o r  2 and a remaining r e l i e f  of t h e  

s,quare r o o t  of p & / P  

i n  lower dens i ty  i s  h a l f  l o s t  on t h e  way back t o  e a r t h  by adapt ing 

t h e  dis turbance g radua l ly  t o  denser air:  

s i n c e  t h e  o r i g i n a l  r e l i e f  of moving a body 

Both func t ions  of h 

moved a t  higher  a l t i t u d e  h ,  though even t h e i r  combined e f f e c t  is 

are i n d i c a t i n g  r e l i e f  when an a i r c r a f t  body i s  

much less than would b e  d e s i r a b l e .  

. V I I .  Re la t ions  Between L i f t  and Pressure.  L i f t  on wings is  

gene ra l ly  explained by bound v o r t i c e s  i n s i d e  t h e  wings and by t r a i l i n g  

v o r t i c e s  i n  t h e  flow d i r e c t i o n .  It  seems, t h e r e f o r e ,  t h a t  t he  whole 

development of s i n g u l a r i t i e s  and t h e i r  f i e l d s  has t o  b e  repeated f o r  

v o r t i c e s  i n s t e a d  of sources  and s inks .  

necessary s i n c e  from two-dimensional incompressible flow t h e  i d e n t i t y  

of a p a i r  of v o r t i c e s  wi th  a p a i r  of sources  and s i n k s  normal t o  

t h e i r  d i r e c t i o n  is  w e l l  known. The t r a i l i n g  v o r t i c e s  following the 

f low d i r e c t i o n  create t h e i r  f i e l d  normal. t o  t h e  x axis and, t h e r e f o r e  

are unaffected i n  t h i s  i d e n t i t y  by compress ib i l i t y .  Since the  l i f t -  

con t r ibu t ion  of t h e  bound vor t ex  i s  t h e  d ipo le  moment of i t s  t r a i l i n g  

vortex p a i r  m u l t i p l i e d  w i t h  U ,  t h e  p o t e n t i a l  equat ion f o r  

d i s t r i b u t e d  sources  ( 7 )  can be  changed t o  a supeFsonic normalized 

Fortunately t h i s  is  not  
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p o t e n t i a l  f o r  any l i f t  d i s t r i b u t i o n  (7,p.f'). It is only necessary 

t o  i n t e g r a t e  t h e  p o t e n t i a l  of t h e  sou rce  from any given p o s i t i o n  

t o  i n f i n i t y  i n  x d i r e c t i o n  as a n  a r r a y  of Sources and then t o  d i f f e r e n t i a t e  

t he  r e s u l t  w i th  r e s p e c t  t o  t o  c r e a t e  sou rce  and s i n k  d ipo le s  

normal t o  t h e  t r a i l i n g  v o r t i  s. The former sou rce  d i s t r i b u t i o n  

,p) must be  replaced i n  t h e  new p o t e n t i a l  by . f ( f , ~ , f ) / U .  

I n t e g r a t i o n s  with r e s p e c t  t o  are a l r e a d y  used i n  equat ions (9a) 

and (9b) ,  t h e  only new ope ra t ion  is the d i f f e r e n t i a t i o n  with r e s p e c t  

t o  'f and gives:  

For the  f a r  f i e l d  t h e  d i s t r i b u t i o n  of t he  l i f t  i n  y d i r e c t i o n  over  t h e  

wing span is  immaterial and t h e  d i s t r i b u t i o n  i n  z d i r e c t i o n  w i t h  

d i h e d r a l  o r  b i p l a n e s  may be  s tud ied  s e p a r a t e l y ;  t hus  t h e  simple 

case of a wing i n  t h e  x,y plane has a c e r t a i n  l i f t  c o n t r i b u t i o n  

& C ) counted along t h e  x axis, which can be i n t e g r a t e d  up t o  t h e  

t o t a l  l i f t  L( f " )  wi th  ,& f )  = L'( f" ) and t h e  s i m p l i f i e d  l i f t  

p o t e n t i a l  reads: 

x 

There are s imilar  i n t e g r a t i o n s  by p a r t s  a v a i l a b l e  f o r  t h e  l i f t  

d i s t r i b u t i o n  as f o r  t h e  area d i s t r i b u t i o n  of t h e  body t o  a l low t h e  

d i f f e r e n t i a t i o n  with r e s p e c t  t o  x, y, o r  2 without  degenerations when 

any component of t h e  d i s tu rbance  v e l o c i t i e s  u ,  v ,  and w are needed. 
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Since f o r  t h e  p re s su re  d i s t r i b u t i o n  only t h e  component u is of 

i n t e r e s t  and can be der ived  from t h e  p o t e n t i a l  by one more d e r i v a t i o n  

of L, t h e  equat ion (17a) without d i f f i c u l t  de r iva t ions  l eads  t o  the  

d i s h r b a n c e  p res su re  b p  = - @Uu: 

In  (18) both s i d e s  are divided by pOs t o  demonstrate t h e  c lose  

r e l a t i o n s  between t h e  pressure  due t o  l i f t  and t h e  pressure  due t o  

body shape 'in equat ion (12): As t he  equat ion (13) shows i n  i ts  f i r s t  

p a r t ,  t h e  f a r  f i e l d  approximations f o r  both body and l i f t  are only 

d i f f e r e n t  i n  t h e  cons tan ts  ou t s ide  t h e  i n t e g r a l  and permit the 
second s i m p l i f i c a t i o n  of (13) f o r  t h e  l i f t :  

x 

With such c lose  resemblance ' the adapta t ion  t o  the.  s t r a t i f i e d  atmosphere 

is easy t o  perform. 

t h e  same, 

of the  pressure  pa of t h e  a l t i t u d e ,  adds t h e  r a t i o  /P i n  t he  

denominator and r eve r ses ,  t he re fo re ,  t h e  s i g n  of t h e  ha l f  power 

exp(-h/2H) t o  exp(h/ZH) : 

The doubling by r e f l e c t i o n  on the  ground remains 

Only t h e  f a c t  t h a t  t h e  l i f t  was given by. weight r ega rd le s s  

x n 
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The f i n a l  equat ion f o r  t he  l i f t  f o o t p r i n t  by the  l i n e a r i z e d  theory 

i s  very similar t o  t h e  equat ion  (15) w i th  r e spec t  t o  the  i n t e g r a l  

over t he  design parameters A r e spec t ive ly  L. The d i f f e r e n c e  i s ,  

however, t h a t  A must d isappear  when t h e  t o t a l  a i r c r a f t  l ength  is  

used, wh i l e  t h e  l i f t  remains f i n i t e  and has  t o  equa l  t he  weight.  

An analogy i s  more d i r e c t l y  between t h e  body nose and t h e  t o t a l  l i f t .  

Body nose and l i f t  are thus  r i v a l s  w i t h  r e s p e c t  t o  t h e  permiss ib le  

p re s su re  f o o t p r i n t ,  whi le  body t a i l  and l i f t  reduce t h e i r  p re s su res  

when superimposed. The a l t i t u d e  dependency of t h e  f o o t p r i n t  p re s su re  

is  for  l i f t  a l imi t ed  a t t e n u a t i o n  reached a t  h = H o r  about 28,000 

f e e t .  

i s  s t i l l  b e n e f i c i a l  f o r  t h e  pressure  d i r e c t l y  under the  f l i g h t  p a t h ,  

though, of course,  spreading l a t e r a l l y  t h e  permiss ib le  p re s su re  

p ropor t iona l  t o  the  a l t i t u d e .  

For the  body p a r t  of t h e  p re s su re  f o o t p r i n t  any h igher  a l t i t u d e  

VIII. Formation of Shock Waves. The f o o t p r i n t  of t h e  l i n e a r i z e d  

theory both f o r  body shape and f o r  l i f t  is i n t e g r a t e d  toward t h e  f a r  

f i e l d  beyond i ts  proper  v a l i d i t y .  A reduced p res su re  d is turbance  

would be necessary t o  avoid such e r r o r .  We may, however, i n v e s t i g a t e  

the  combination of a f i r s t  small p re s su re  p l a t eau  wide enough t o  l e t  a 

second p res su re  wave r i d e  on i t  piggyback. There are two reasons  t o  

make t h e  second wave r i d e  f a s t e r  on t h i s  p l a t eau  than on t h e  un- 

d i s tu rbed  a i r .  The p res su re  s t e p  Ap c r e a t i n g  t h e  f i r s t  p l a t e a u  

has provided along t h e  p l a t eau  a forward v e l o c i t y  u which adds t o  

t h e  second wave speed. 

connected wi th  t h e  formation of a p res su re  p l a t e a u  

a l l ' p e r f e c t  gases  i s  i n d i c a t i v e  of a h ighe r  speed of sound. 

There is a l s o  a s l i g h t  temperature i n c r e a s e  

p which f o r  

The 

wave speed increment AW is,  t h e r e f o r e ,  composed of two con t r ibu t ions  

u and ha both of them simply r e l a t e d  t o  the  p re s su re  s t e p b p  compared 

with the  s t a t i c  p re s su re  p,.=L and with t h e  o r i g i n a l  wave speed 

whi le  t h e  

2 'de 
c l w a  The d i s tu rbance  v e l o c i t y  u is simply 
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i s e n t r o p i c a l  temperature change is the  xd 3 power of the p re s su re  charige 

and the  v e l o c i t y  of sound is the  square roo t  of the temperature change. 

' I ~ I P  rr4l;it ivc. i n c r e a s e  of the wave speed is ,  the re fo re :  

(21) 

The r e s u l t  from t h i s  i n v e s t i g a t i o n  is t h a t  t h e  d i f f e r e n t  pressure  

l e v e l s  have an excess wave speed propor t iona l  t o  t h e i r  own pressure  

l e v e l .  

f i e l d  have a similar h i s t o r y  on t h e  way down, t h e  t o t a l  prodess of any 

e leva ted  pressure  on t h e  ground can be in t eg ra t ed  and is  i n  the i n t e g r a l  

s t i l l  propor t iona l  t o  the  pressure  on the  ground. 

e x i t s  t he re fo re  and can e a s i l y  be appl ied  t o  r e c t i f y  the  pos i t i ons  of 

t h e  l i n e a r i z e d  f o o t p r i n t  p ressures .  

perpendicular  t o  the  Mach wave, t h e  descent  path o f  the  wave is l a r g e r  

than the  a l t i t u d e  h by I/coaat w i t h d  t h e  Mach angle  d i f i n e d  by sinatol/M. 

The v i s i b l e  advance toward t h e  f r o n t  -AX on t h e  ground is a l s o  l a r g e r  

t h a n - t h e  a c t u a l  progress  achieved by excess wave speed, s ince  t h e  

advanced Mach wave f r o n t  i s  inc l ined  and needs only -AX s i n #  progress  

to  appear  a s  --AX measured along t h e  ground.With these  geometrical  

f a c t o r s , t h e  length --&of the  advancing waves must be in t eg ra t ed  

according t o  the  wave s t r eng th  d iv ided  by t h e  s t a t i c  pressure  a t  every 

d i s t ance  z over t h e  whole a l t i t u d e  range h on t h e  descent  dz of t h e  wave: 

The d i f f e r e n t  phases of  t h e  f o o t p r i n t  except f o r  the  nea r  
'7- 

A common r a t i o  =/'A2 

Since t h e  sound waves propagate 

The e r r o r  func t ion  starts l i n e a r  bu t  never exceeds t h e  va lue  un i ty .  

For moderate a l t i t u d e s  h of one t o  t h r e e  s c a l e  he igh t s  H t he  e r r o r  

func t ion  over i t s  argument and t h e  f a c t o r  m/2 may be approximated a s  

another  exponent ia l  func t ion  diminishing with t h e  a r g u  ment - h/8H 

making t h e  whole bracke t  an exponent ia l  with 3h/8H j u s t  €or  t h e  sake 

of  s impl i c i ty .  This approximation reads :  

(22a) 
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To Compensate f o r  t h e  progress  of  p o s i t i v e  p re s su re  d is turbances  

toward t h e  a i r p l a n e  t i p  o r  beyond, which means a negat ive  s h i f t  i n  X 

as the  equat ions 22 and 22a ind ica t e ,  t h e  o r d i n a t e  axis can be s l a n t e d  

i n  the  p o s i t i v e  d i r e c t i o n  t o  i n t e r p r e t e  both t h e  f o o t p r i n t s  f o r  body 

shape (15) and l i f t  (20) c o r r e c t l y .  A compete a i r c r a f t  is ,  of course,  

a superpos i t ion  of body and wing and i s  t h e  sum of  (15) and (20) 

before  t h e  proper shock waves can be found under t h e  p o s i t i v e  s lope  

of equat ion (22a)bi th  reversed s i g n )  and by t h e  equal area exchange 

l e f t  and r i g h t  from every shock wave. 

pressure  i s  one thousandth of  t he  atmospheric pressure  and the  a l t i t u d e  

i s  8H/3 = 70,000 f e e t ,  t h e  progress  -AX 

I f  t h e  permiss ib le  d is turbance  

f o r  a Mach number of 2.5 and 

%= 1.4 amounts t o  450 f e e t  o r  too much more than  t h e  a i r c r a f t  l ength .  

Coming down t o  35,000 f e e t  a l t i t u d e  reduces t h e  length  -AX t o  135 f e e t  

which is s t i l l  too l a r g e  a po r t ion  o f  a i r c r a f t  length f o r  the  nose. 

It is  obvious t h a t  t he  formation of shocks can e a s i l y  lengthen f o r  

f l i g h t s  a t  high a l t i t u d e s  t h e  d i s t a n c e  between t h e  two booms t o  mul t ip l e s  

of t he  a i r c r a f t  l ength .  The oppos i te  a t tempt ,  t o  avoid shocks, spends 

l a r g e  por t ions  o f  t he  a i r c r a f t  l ength  j u s t  f o r  so f t en ing  t h e  f o o t p r i n t .  

A l l  under the  assumption t h a t  a d is turbance  p res su re  of one thousandth 

of t he  atmosphere i s  f e a s i b l e  and permiss ib le .  

I X .  Appl icat ions.  The wave p a t t e r n s  c rea ted  by a i r c r a f t  

bodies and wings are given i n  i n t e f g r a l  form i n  equat ions (15) and (20) .  

The phys ica l  input  is such a w e l l  behaved parabola  i v  t h a t  t he  design 

input  A" '  o r  L"' does n o t  have t o  be smooth, bu t  can be concentrated 

on very  few cen te r s  where t h e i r  i n t e g r a l s  correspond t o  d i s c o n t i n u i t i e s  

i n  the  next  h igher  func t ionbA" o r  BL" r e spec t ive ly .  The only v i s i b l e  

mark i n  t h e  p re s su re  curve on such p l aces  is t h e  i n f i n i t e  s lope  of any 

new parabola  on its apex which can be neglected when t h e  surmnation is 
used a s  a f a s t  s u b s t i t u t e  f o r  exact  i n t e g r a t i o n ;  bu t  i f  i t  is real, it. 

does i n d i c a t e  a shock on p o s i t i v e  rises wherever t h e  design is a c t u a l l y  

made wi th  sudden changes i n  t h e  curva ture  of A (7) o r  L ( f ) .  To see 

whether such changes i n  curva ture  are permiss ib le  and i n  which order  

of magnitude they may cause shocks, a conica l  t i p  of t he  body and t h e  
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;m-PE-+She t i p  o f  a d e l t a  wing with cons tan t  load may be inves t iga ted  

under t h e  condi t ion t h a t  t h e  pa rabo l i c  pressure  o f  t he  l i n e a r i z e d  

theory i s  cor rec ted  t o  a shock wave with a pa rabo l i c  cont inua t ion  

according t o  equat ion (22a) and t h a t  t h e  shock wave i n t e n s i t y  i s  

j u s t  one thousandth of  t h e  atmosphere on t h e  ground. 

(15) and (20) t h e  q u a n t i t i e s  i n  ques t ion  on t h e  t i p  jroare AA" (0) 

and A L I I  (O)/P; both are i n  t h i s  form dimensionless,  while  t he  f a c t o r  

-finds i t s  p a r t n e r  i n  fi t o  nondimensionalize t h e  whole equat ions.  

It is poss ib l e  t o  f ind  t h e  proper o rde r  of  magnitude by iden t i fy ing  

-AX from equat ion (22a) with X - 0 = X i n  the  o the r  equat ions,  which 

i n d i c a t e s  the  po in t  on t h e  parabola t h a t  moves t o  the  t i p  Mach cone; 

bu t  the  exact  shock wave moves somewhat ahead of  t h e  t i p  Mach cone and 

r e q u i r e s - u  = 4/3 X, when X i d e n t i f i e s  exac t ly  t h e  loca t ion  of  t h e  

pressure  a t  t h e  top of  t he  shock wave along t h e  l i n e a r i z e d  parabola ,  

By matching d m h 3  from equat ion  (22a) w i t h - w  e i t h e r  from 

(15) o r  (20) and by i n s e r t i n g  t h e  r e l a t i v e  d is turbance  pressures  AP/P 

the  permiss ib le  value, t h e  unknown q u a n t i t i e s  AA"(0)  r e spec t ive ly  A L " ( 0 )  

w i l l  be f ixed:  

In the  equations 

and I 

These r e l a t i o n s  fu rn i sh  : 

and 

The a c t u a l  a r ea  d i s t r i b u t i o n  o r  l i f t  d i s t r i b u t i o n  permiss ib le  wi th  respec t  

t o  t h e  assumed shock s t r eng th  of 10 

f o r  M = 2.5 

-3 a t m  with P = l  a t m  = 211b IbJft? 
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and 

Both these  equat ions demonstrate,  t h a t  t he  modern supersonic  t r a n s p o r t  

p r o j e c t s  a r e  i n  the  proper  o rde r  of magnitude; b u t  they a l s o  i n d i c a t e  

how d i f f i c u l t  the  des ign  would be,  i f  t he  shock s t r e n g t h  has t o  be 

reduced t o  A c ross  s e c t i o n  of 200 f t e 2  is  ba$ly 

reached i n  a con ica l  t i p  of 5-=200 f t .  length according t o  (25), and 

500,000 l b .  weight r e q u i r e  the  length  of more than 120 f t .  i n  a d e l t a  

wing i n  (26),  un le s s  t he  t a i l  s e c t i o n  of t he  fuse lage  can compensate 

as a s i n k  the  source cha rac t e r  of t he  l i f t  toward the  ground. 

d 
atmospheres. 

F ig  1. Slanted Ordinate  Axis Fig  2. .Corrected Pressure  
Diagram 
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